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1 Introduction

Tax progressivity, the degree to which the tax burden rises with income, is central to public
finance and policy debates. Its case is both normative and economic: progressive taxation
runs from the ability-to-pay principle (Mill, 1848) to modern theories of distributive justice
(Rawls, 1971), while also compressing the inequality markets generate (Jalles and Mello,
2024) and insuring households against idiosyncratic labor-market shocks that private mar-
kets cannot (Heathcote et al., 2017). However, how U.S. progressivity evolved from the
introduction of the federal income tax to the modern microdata era remains largely unex-

plored.

The source of this gap is measurement. Modern empirical work measures progressiv-
ity through residual income progression: the elasticity of after-tax income with respect
to pre-tax income (Jakobsson, 1976; Musgrave and Thin, 1948). This object requires ob-
serving how the tax-and-transfer system maps pre-tax into after-tax income, so existing
estimates rely on matched pre- and after-tax microdata, which begin only in 1969 (Borella
et al., 2023). The first fifty-six years of the federal income tax have therefore been studied
through statutory schedules, average effective tax rates, concentration curves and distri-
butional tax tables rather than residual income progression (Auten and Splinter, 2024;
Mathews, 2014; Musgrave and Thin, 1948; Pechman, 1985; Piketty and Saez, 2007; Saez
and Zucman, 2019, 2026; Splinter, 2020).

In this paper we close this gap by constructing the first annual estimates of residual in-
come progression for the United States from the introduction of the federal income tax in
1913 to 2021. Our method shows how to recover residual progressivity from grouped in-
come data alone. In particular, under rank preservation and a common log-location-scale
structure for pre- and after-tax income, the implied tax function is a power function—the

benchmark specification through which modern microdata studies estimate residual in-



come progression'—and its exponent, which captures the residual elasticity, equals the
ratio of the standard deviations of log after-tax and log pre-tax income. Because log dis-

persions are scale-invariant, they are identified by complete Lorenz curves.

We apply this result to grouped World Inequality Database (WID) and Internal Revenue
Service (IRS) tabulations, using a baseline Lorenz-based measure and semi-parametric
and parametric alternatives.” The main patterns are robust across methods and validate
well in the modern period: where matched microdata are available, the grouped-data
estimates closely track microdata-based regression benchmarks in the full distribution,
below the top decile, and at the top. The resulting series provides a long-run empirical
counterpart to the power-tax parameters used in macro-public-finance models, extending

their coverage from the late 1960s back to the origin of the federal income tax.

Our central finding is that U.S. progressivity did not simply rise or fall over the past cen-
tury; it moved across the income distribution, as shown in Figure 1°. At the top 1, 5, and
10 percent, residual progressivity traces an inverted U: low under the early income tax,
high through the mid-century high-rate regime, and low again after the 1980s. Below the
top decile, the pattern is closer to its mirror image, a U shape: progressivity falls from the
mid-century peak to a trough in the 1980s and rises thereafter. This heterogeneity mat-
ters for interpretation. When progressivity is not uniform across the income distribution,
any single estimate of aggregate progressivity necessarily embeds an aggregation rule,
whether explicit or implicit. Estimators that place more weight on the top may suggest
declining progressivity after 1980, while estimators that place more weight below the top

may suggest rising progressivity over the same period.

"Its popularity reflects four properties: a transparent one-parameter interpretation, analytical tractabil-
ity inside structural macro-public-finance models (Bénabou, 2000; Boar and Midrigan, 2022; Castro Nofal
et al., 2024; Chang, 2018; Ferriére and Navarro, 2023; Heathcote et al., 2017, 2020; Wu, 2021), a strong empir-
ical fit with R2’s above 90%, and direct estimability from microdata by OLS or PPML (Borella et al., 2023;
Konig, 2023).

’The baseline measure is an entropy-ratio estimate of relative log dispersion. The robustness checks
include parametric Lorenz-curve specifications and a grouped PPML share-mapping estimator.

SWe exclude the bottom 20 percent of WID share points from the baseline estimates. This restriction
is motivated by the same concern emphasized by ? for growth-incidence calculations, namely that income
growth and related distributional objects are difficult to interpret at the very bottom of the distribution when
pretax incomes are close to zero or negative.



Figure 1: Effective residual income progression at the bottom and top of the U.S. income
distribution, 1913-2021

(a) World Inequality Database (b) Internal Revenue Service
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Notes: The figure reports Entropy Ratio estimates of progressivity, defined as one minus the ra-
tio of after-tax to pre-tax log-income dispersion recovered from grouped Lorenz shares. Higher
values indicate greater progressivity. Shaded areas are 95 percent delta-method confidence in-
tervals accounting for covariance between the two dispersion estimates. For the World Inequality
Database, the bottom and top ranges are percentiles 20-90 and 99-100. For the Internal Revenue
Service, they are defined using the observed Lorenz cutpoints nearest percentiles 90 and 99 and
therefore approximate the bottom 90 percent and top 1 percent. The income concepts are national
income before and after taxes and transfers for the World Inequality Database and adjusted gross
income before and after federal income tax for the Internal Revenue Service.

We therefore complement our global elasticity estimates with a local percentile-level mea-
sure of progressivity. This measure estimates progressivity separately across the distribu-
tion and then aggregates those local estimates, allowing us to ask what progressivity the
average taxpayer faced rather than relying on the implicit weights of a single global estima-
tor. The resulting equal-weighted local measure shows a strong post-1980 increase, con-
sistent with the view that progressivity recovered below the top. This recovery is strong
in WID but muted in IRS, a divergence that reflects income concepts. IRS tabulations re-
main close to fiscal income reported on tax returns, whereas WID post-tax national income
incorporates transfers, retained earnings, in-kind benefits, and other components not cap-
tured in fiscal income Piketty et al. (2018). The recovery below the top therefore appears
to be driven largely by the growing role of transfers and refundable credits. At the top,

where transfers are quantitatively negligible but retained earnings remain relevant, WID
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and IRS yield much more similar patterns, and the inverted U is robust across both.

These findings contribute to the recent debate on whether U.S. tax progressivity has risen
or fallen. Piketty and Saez (2007) and Saez and Zucman (2019) emphasize a long decline
concentrated at the top, where effective tax rates fell sharply from their mid-century levels.
By contrast, Splinter (2020) finds that, once refundable credits and transfers are included,
the tax-and-transfer system became more progressive after the late 1970s, with a trough
around 1986; Coleman and Weisbach (2023) reach a similar conclusion across multiple
datasets.” Our estimates suggest that these accounts need not be inconsistent: they re-
fer to different parts of the distribution, different income concepts, and different implicit
weights. The decline is a statement about upper-tail income-tax progressivity; the rise
is a statement about tax-and-transfer progressivity below the top. In this sense, the U.S.
system did not simply become more or less progressive: progressivity moved down the

distribution.

2 Residual progression from Lorenz curves

Tax progressivity is, fundamentally, a local and comparative property of the tax sched-
ule. A schedule is progressive at income level y whenever the average tax rate rises with

income, or equivalently whenever the marginal tax rate exceeds the average tax rate:

o) > LW
T (y) > o

This condition identifies whether the tax burden rises locally with income, but it does not
by itself provide a scalar measure of the degree of progressivity. We focus on residual
income progression, which measures the elasticity of after-tax income with respect to pre-

tax income and is therefore directly connected to the tax function itself.” Concretely, let y

*This question is informed by, but distinct from, the dispute over the level of top-income inequality
(Auten and Splinter, 2024; Piketty et al., 2018), which turns on the allocation of underreported and untaxed
income. Our object is the residual progression of the tax schedule, not the concentration of income.

*Musgrave and Thin (1948) distinguished average rate progression, marginal rate progression, liability
progression, and residual income progression. Other aggregate measures, such as the Kakwani, Suits, and
Reynolds-Smolensky indices, summarize redistribution using concentration curves or changes in inequality
indices.



denote pre-tax income, 7T'(y) tax liability, and x = y — T'(y) after-tax income. The residual

income elasticity is
( )_alnx 1—-T(y)
€ = = .
P oy T 1T/

(1)

Progressivity at income level y is equivalent to e(y) < 1: after-tax income rises less than
proportionally with pre-tax income, so the tax system compresses after-tax income differ-
ences. Since €(y) can vary over the income distribution, empirical and quantitative work

often summarizes the schedule with the power approximation

2(y) =~ Ay' T, 2)

where 1 — 7 is the constant residual-income elasticity and 7 is the corresponding progres-
sivity parameter. With matched microdata, 1 — 7 is typically estimated from the relation-
ship between individual or household pre-tax and after-tax income, using either log-linear

specifications through OLS or level specifications via PPML.°

This matched-data requirement is restrictive for historical work. Before the late 1960s, U.S.
income distributions are available primarily as grouped tabulations rather than matched
pre-tax and after-tax income pairs, so modern regression-based estimators cannot be ap-
plied directly to the first five decades of the federal income tax. We therefore develop an
identification result that recovers residual progression from grouped pre-tax and after-
tax income shares. The central idea is that assumptions on the marginal distributions of
pre-tax and after-tax income, together with rank preservation, imply a specific functional

form for the effective tax schedule. We work under three standard assumptions:

Assumption 1 (Deterministic tax mapping). After-tax income satisfies X =Y —T(Y'), where

T(-) is a deterministic, measurable tax function.

Assumption 2 (Regular income distributions). The cumulative distribution functions F, and

F, are strictly increasing and continuous on their supports.

Log-linear and level estimators impose different conditional-mean restrictions: the former restrict
Ellogz; | logy;], while the latter restrict E[z; | y;]. They recover the same constant elasticity only under
stronger restrictions, but both require matched observations of pre-tax and after-tax income. Other aggre-
gate measures, such as the Kakwani, Suits, and Reynolds-Smolensky indices, summarize redistribution
using concentration curves or changes in inequality indices.
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Assumption 3 (Rank preservation). The function Y — X (Y') =Y —T(Y') is strictly increas-
ing.

Assumption 3 is the key identifying assumption that allows the two marginal distributions
to be interpreted as a single pre-tax-to-after-tax mapping. It requires the tax-and-transfer
system not to reverse taxpayer ranks. When 7'(-) is differentiable, this condition implies
marginal tax rates below 100 percent; more generally, it requires after-tax income to be

strictly increasing in pre-tax income.

Lemma 1 (Implied Tax Function). Under Assumptions 1-3,

T(Y) =Y - Qx[Fy(Y)] )

where Q,, denotes the quantile function of X.”

Lemma 1 states that, under rank preservation, after-tax income is recovered by assigning
each taxpayer their pre-tax rank and retrieving after-tax income at the same rank. We call
T(Y') the implied tax function of the distributional pair (£, F},).® If after-tax income is a
deterministic increasing function of pre-tax income, this implied function coincides with

the structural tax schedule.

This structural interpretation is a benchmark. Deductions, credits, transfers, filing status,
avoidance, reporting behavior, and income reclassification may generate different after-tax
incomes among taxpayers with the same pre-tax income. In that case, marginals alone do
not identify the structural schedule. The implied function should instead be read as the
rank-preserving equivalent schedule: the effective schedule that rationalizes the observed
transformation from the pre-tax to the after-tax marginal distribution without reranking.

Thus rank preservation is required for a literal structural interpretation, but not for the

’A proof of Lemma 1 is provided in Appendix Al.
8 Appendix A4 provides examples using well-known parametric families.



implied function to remain a well-defined summary of distributional compression.’

We now ask when this implied effective schedule takes the power form used in the modern
progressivity literature. Under rank preservation, the tax schedule maps each pre-tax rank
into the same after-tax rank. If, in addition, the two distributions differ only by location
and scale in logs, this rank-preserving quantile map is log-affine, and the implied schedule

is a power function.

Assumption 4 (Log-Location-Scale Incomes). Pretax income Y and after-tax income X belong

to the same log-location-scale family: there exist constants a € R and b > 0 such that

Qiogx(P) = a+bQiogy(p) forallp e (0,1).

Canonical cases include the Pareto, lognormal, log-uniform, and Weibull distributions—
all of which have been used extensively as models of the income distribution (Chotika-
panich, 1993; Gabaix, 2009; Gibrat, 1931; Mirzaei et al., 2019). Under Assumption 4, the

implied tax function in Lemma 1 takes the following form:

Proposition 1 (Log-Location-Scale Identification of Residual Progression). Under Assump-

tions 1-3 and 4,
TY)=Y - eXp(Mlogx - Ziz_iz Nlogy>yalog1/alogya

where g . and o1og . denote the mean and standard deviation of log z, for = € {X,Y'}. In partic-

ular, the tax function takes the power form (2) with

Olog = Tlogx
A = exp (,ulogx — —,ulogy> , 1—7= 5=,
Ology Ology

Proposition 1 is the central theoretical result of the paper.”” It shows that, under the

°This distinction is not specific to distributional data. Even with matched microdata, log-log regres-
sions of after-tax income on pre-tax income generally estimate effective residual-progression objects rather
than deterministic structural schedules when deductions, credits, transfers, filing status, avoidance, report-
ing responses, or income reclassification generate horizontal heterogeneity. Appendix Al.2 formalizes this
point and relates the dispersion ratio of Proposition 1 to effective residual-progression objects based on the
conditional expectation function.

"Proofs of Lemma 1 and Proposition 1 are provided in Appendix Al.



log-location-scale benchmark, residual progression is identified by the relative dispersion
of log after-tax and pre-tax income. A more progressive tax-and-transfer system com-
presses the after-tax distribution more strongly relative to the pre-tax distribution, yield-
Olog =

*. The interpretation of this ratio follows the interpretation of the

Ology

ing a smaller value of
implied schedule in Lemma 1. Under deterministic rank preservation, it is the structural
residual-income elasticity of the tax schedule. When rank preservation fails, this struc-
tural interpretation is no longer exact: the ratio need not equal the slope of an individual-
level mapping from pre-tax to after-tax income. It remains, however, a well-defined dis-
tributional object. It measures how much the after-tax distribution is compressed in logs
relative to the pre-tax distribution. Equivalently, it is the residual progression of the rank-
preserving equivalent schedule: the effective schedule that would rationalize the observed
transformation from the pre-tax marginal distribution to the after-tax marginal distribu-
tion without reranking. Appendix A1.2 shows that, with joint microdata, this total com-
pression can be decomposed into average vertical progression, nonlinearity in the condi-

tional expectation function, and horizontal heterogeneity.

Crucially, 01os, and oy, , are distributional parameters that can be estimated from income-
share tabulations. To see why Lorenz information is sufficient for this purpose, let L.(p)
denote the Lorenz curve of a positive income concept Z with quantile function Q. (p) and

mean /.. Wherever the Lorenz curve is differentiable,

Q:(p)
e

L.(p) =
Since adding the constant log ., does not affect variance,
2

Var(log Z) = /01 (log L. (p) — /01 log L (u) du) dp. 3)

Thus the log-income variance, and hence the dispersion ratio in Proposition 1, is identified
by the shape of the Lorenz curve alone. The estimation problem is therefore to recover this

Lorenz shape smoothly from grouped income shares.

Several implementations follow from this result. Our baseline estimator uses the observed



grouped Lorenz shares directly and chooses the log-dispersion contraction that makes the
predicted after-tax shares closest to the observed after-tax tabulation in entropy-KL dis-
tance. As shown in the next section, this estimator can be written as a grouped PPML
estimator and therefore links naturally to the PPML approach used with microdata. As
parametric complements, we also estimate o, . from analytic Lorenz curves under Pareto,
lognormal, and log-uniform specifications. These complementary estimates provide use-
ful robustness checks while preserving the same identified object: the ratio of after-tax to
pre-tax log-income dispersion. The next section describes the estimation procedure and

validates the grouped-data estimators against microdata OLS and PPML benchmarks.

3 Estimation from grouped data and validation

Entropy dispersion ratio. Proposition 1 shows that the benchmark residual-progression
parameter is the ratio of after-tax to pre-tax log-income dispersion. A complete Lorenz
curve identifies this ratio because its derivative recovers normalized percentile income.
Grouped tabulations, however, report only average Lorenz slopes within bins.

Let Ap; = p; —pj1and AL; = L — L, (2 € {y, z}) denote the population and income-

ALZ

A is the bin mean income relative to the overall mean,
J

share mass of bin j. The ratio z =

or equivalently the average Lorenz slope in the bin. Our baseline estimator replaces the

Lorenz slope by this step function and computes the grouped log-income variance

log (

The entropy dispersion-ratio estimator is therefore 7 = 1 — =

AL
Apj

(4)

AL
- Ap,l £ )
) ; peoe (Am

~2 o
Ologz - E :Apj
J

e Notably, this estimator
requires no interpolation within cells, tail restriction, or joint information on pre- and
after-tax income. However, because it treats the Lorenz slope as constant within each
reported cell, it does not recover within-bin log dispersion. The resulting coarsening error
enters both the pre- and after-tax log variances, and may therefore partly cancel in the

ratio, especially when the two marginal distributions have similar within-bin curvature.
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As the partition refines, the estimator converges to the corresponding continuous Lorenz

functional.

Parametric dispersion ratios. As complements, we fit analytic Lorenz curves that restore
within-bin dispersion under standard parametric families. These estimates are not our
baseline; they gauge sensitivity to tail shape and full-distribution functional form. Let

L(p; 010 ») denote the Lorenz curve for income concept z € {y, v}. We use

Pareto: L(p;0ig.) = 1 — (1 — p)' =72, )
Lognormal:  L(p; dieg:) = (27" (p) — 010g-) , ©)

exp (V12015 p) — 1
exp(V12015.) — 1

(7)

Loguniform: L(p; og.) =

where @ is the standard normal CDFE." Let (p;, L}) be the empirical Lorenz coordinates.
Imposing oip52 = € Tl0gy, We estimate (010, €) for each family by stacked nonlinear least

squares:

N o . 2 T x 2

(G1og €) = argmin {Z (LY = Lt o)) + Y [Li = Lpis eo,)] } : ®)
7ve k k

Joint estimation lets the covariance between pre- and after-tax Lorenz moments enter the

standard error of é. Pareto is most natural for upper-tail exercises; lognormal and log-

uniform provide full-distribution robustness checks.

Grouped PPML. Asaseparate check, we impose the power restriction directly on grouped
income shares. If pre-tax cell j has relative mean ALY /Ap;, the isoelastic share mapping

predicts
2 Ap;j(ALY/Ap;)*
ALJ(E): p]( j/ pr)
20 Ape(gy)

UFor Z ~ Pa(n.,b.), 01oe - = 1/1., so the Pareto Lorenz curve can be written directly in oy, , as in (5).
g y g

©)
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Equivalently, € solves the grouped PPML model
E[ALT | qf, Ap;] = Apjexp (a + eloggj) , (10)

with log Ap; as an offset. The intercept normalizes fitted shares to sum to one, so the fitted

values coincide with (9). The same estimator can be written as entropy-KL share fitting:

AL
ePPML _ arg minz AL$ log <%> .
J

AL;(e)

The PPML exercise differs from the dispersion-ratio estimators. Those estimators are func-
tions of the two marginal Lorenz curves. PPML instead asks whether after-tax shares are
well approximated by a common power transformation of pre-tax cell means. This restric-
tion is implied by exact rank preservation, but it can also hold under weaker conditions:
reranking may occur within cells, or cross-cell reranking may average out, as long as the
grouped after-tax shares still satisfy the power share mapping. PPML therefore moves the

identifying restriction from individual ranks to grouped shares. **

This flexibility comes at a cost. When the grouped share restriction is valid, PPML esti-
mates the same benchmark elasticity and may be less sensitive to within-cell reranking.
When it fails, the coefficient is only the best-fitting power share mapping. We therefore

use PPML as a validation and robustness exercise rather than as the headline estimator.

No estimator dominates ex ante. The entropy ratio is transparent and nonparametric but
subject to coarsening error. Parametric Lorenz curves restore within-cell dispersion at
the cost of functional form. Grouped PPML can relax individual rank preservation, but
imposes a share-mapping restriction. We compare these tradeoffs using microdata, where

the full distribution is observed.

2See Appendix A1.5 for details.
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3.1 Validation

We validate the grouped-data estimators against OLS and PPML microdata benchmarks
using two complementary U.S. sources. The first is the Panel Study of Income Dynamics
(PSID). Our benchmark is Borella et al. (2023), who estimate residual progression by OLS
for each wave from 1969 to 2016; we replicate their estimates using their replication code
and augment them with PPML estimates following Konig (2023). The second is the Distri-
butional National Accounts (DINA) synthetic microdata from Piketty et al. (2018), which
cover 1962 to 2019, contain matched pre- and after-tax income, and are constructed to be

closely aligned with the grouped WID tabulations used in our historical analysis.

As a first exercise, for each source we aggregate the microdata into synthetic income-
share tabulations consisting of 100 Lorenz ordinates and re-estimate progressivity using
grouped PPML, the Entropy Ratio, and the Pareto, log-normal, and log-uniform Lorenz
estimators. We report 7 = 1 — ¢, so that higher values denote greater progressivity. For
each estimator, we compare the grouped-data estimate with its OLS and PPML microdata

counterparts for the full distribution, the bottom 90%, the top 10%, and the top 5%.

Two results hold across both sources and all four population ranges (full distribution, bot-
tom 90, top 10, top 5); Figure 2 reports the PSID married-sample and DINA validations in
a common eight-panel format. First, grouped PPML closely reproduces microdata PPML,
while the Entropy Ratio lies nearer OLS. The grouped tabulations therefore recover not
only the aggregate microdata estimates but their variation across the distribution, and
the gap between OLS and PPML is not an artifact of grouping: each grouped estimator

inherits the aggregation implicit in its microdata counterpart.

Second, the movements differ sharply by range, and DINA makes the consequence clear-
est. Progressivity for the bottom 90 percent rises substantially over the sample, apart from
temporary reform-year reversals, whereas progressivity within the top 10 and top 5 per-
cent falls from its late-1960s and 1970s levels to much lower post-1980 values, recovering
only modestly. The full-distribution series combines these opposing movements, so its

level and trend depend on how an estimator weights the bottom against the top: OLS and
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Figure 2: PSID and DINA validation, 1962-2019

(a) PSID: Full distribution (b) PSID: Bottom 90% (c) PSID: Top 10% (d) PSID: Top 5%
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Notes: Higher values correspond to greater residual progressivity. OLS and PPML are estimated from DINA
microdata (Piketty et al., 2018). The remaining estimates use income-share tabulations constructed from
the same sample, for the full distribution, bottom 90 percent, top 10 percent, and top 5 percent. Grouped
PPML fits after-tax grouped Lorenz shares as a power tilt of before-tax shares. The Entropy Ratio separately
estimates before- and after-tax log dispersions from entropy-step Lorenz densities and takes their ratio.
Pareto, log-normal, and log-uniform estimates impose the corresponding parametric Lorenz curves. Each
panel uses its own vertical scale.

the Entropy Ratio track the rising bottom, while PPML and grouped PPML weight high

incomes more heavily and imply a lower, flatter series after 1980.

The parametric estimators reinforce this. Pareto is a poor approximation for the full dis-
tribution and bottom 90 percent but is informative in the upper tail; log-normal and log-
uniform capture broader-distribution movements but differ in levels. Estimator choice is
thus consequential precisely when progressivity moves in opposite directions across the
distribution—which is why the historical analysis reports bottom and top progressivity

separately rather than as a single full-distribution parameter.

Appendix Figures A2.1-A2.3 report three robustness versions of the same eight-panel ex-
ercise. The first uses concentration curves, cumulating after-tax income over before-tax

ranks, instead of marginal after-tax Lorenz curves. These estimates are slightly closer
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to the microdata benchmarks, as expected: concentration curves preserve the before-tax
ranking and therefore avoid the reranking problem that arises when only marginal after-
tax Lorenz curves are observed. The second and third repeat the validation after coarsen-
ing the synthetic grouped tabulations to the resolution of historical IRS tabulations, once
with marginal Lorenz curves and once with concentration curves. These harsher tests
leave the broad DINA patterns largely intact but weaken the upper-tail PSID comparisons,
consistent with the fact that IRS-style coarsening bites hardest when the validation sam-
ple is a survey with few upper-tail observations. Appendix Figures A2.4-A2.7 also repeat
the PSID validation for single households, using the same four population ranges and the

same marginal-versus-concentration and WID-versus-IRS coarseness distinctions.

Appendix Figures A2.8 and A2.9 provide a complementary Monte Carlo check. The sim-
ulations use grouped marginal Lorenz curves, matching the least-informative data envi-
ronment of the main estimates. They show that the grouped estimators are well behaved
when the power-tax structure is correct and remain informative under a nonlinear bracket

tax schedule, where the single progressivity parameter is necessarily an approximation.

4 Historical progressivity trends, 1913-2021

4.1 Data and income concepts

We apply our estimators to annual U.S. data from the World Inequality Database (WID),
covering before- and after-government income shares from 1913 to 2021. Following Piketty
etal. (2018), pretax national income is factor plus pension income before personal taxes and
transfers, and post-tax national income subtracts taxes and adds transfers. Full-distribution
WID estimates therefore capture the combined effect of taxes and transfers; at the top,

where transfers are negligible relative to income, they reflect tax progressivity alone.

Two caveats apply. First, the WID builds pre-1966 top shares from IRS tabulations by
Pareto interpolationOur method inherits any such biases, so pre-1966 estimates are best
read as trend indicators rather than precise levels. Second, we complement WID with IRS

tabulations, which include or exclude transfers symmetrically across pre- and post-tax
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income and so stay closer to a fiscal income concept."” The IRS series is not a statutory-tax
benchmark—it still reflects deductions, realizations, filing behavior, and reclassification—
but relative to WID post-tax income it is far less affected by transfers, making the treatment

of transfers the main distinction between the two sources.

4.2 Two histories: an inverted-U at the top, a U-shape below

Figure 3 presents our main estimates for 1913-2021, by income range and for both WID
and IRS. They tell two histories. At the top, progressivity traces an inverted-U: low under
the early income tax, high through the mid-century high-rate regime, and low again after
the 1980s. Below the top it follows a U-shape: high under the early income tax, peaking at
mid-century with the wartime extension of the income tax to most households, falling to
a trough around 1980, and rising again thereafter. The century thus records not a single
rise or fall in progressivity but a reallocation of it down the distribution—the income tax
builds and then dismantles progressivity at the top, while transfers and refundable credits

increasingly carry redistribution below it.

The WID-IRS comparison serves as an internal diagnostic. Where transfers matter, as in
the full distribution, the two sources diverge because they embed different income con-
cepts; where transfers are negligible, as in the top 1, 5, and 10 percent, they converge. The
divergence below the top is the signature of transfers; the convergence at the top confirms

that upper-tail progressivity genuinely declined.

For most of the century the top and full-distribution histories coincide, because transfers

BWID data provide marginal Lorenz curves, whereas IRS tabulations provide before-tax income shares
and concentration curves. That is, IRS after-tax shares are cumulated over groups ranked by before-tax in-
come, not by after-tax income itself. Formally, if Y denotes before-tax income and X after-tax income, WID
identifies the marginal Lorenz curve Lx (p) = E[X1{X < Qx(p)}]/E[X], while IRS tabulations identify the
concentration curve C¥ (p) = E[X1{Y < Qy(p)}]/E[X]. These objects coincide only under rank preserva-
tion. When taxes or transfers induce reranking, the IRS object is therefore not the marginal Lorenz curve of
after-tax income. In principle, however, concentration curves are more informative for estimating residual
progressivity, since they retain information about how after-tax income varies along the before-tax income
ranking. They do not identify the full joint distribution of before- and after-tax incomes, but they do identify
the conditional mean of after-tax income along before-tax ranks. Appendix A1.3 develops this case. In the
main text, we focus on marginal Lorenz curves because they represent the least informative data environ-
ment: they provide only the marginal distributions of before- and after-tax income and no direct information
on how the two variables are paired.
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Figure 3: Historical progressivity by income range, U.S., 1913-2021

World Inequality Database Internal Revenue Service
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Notes: Data come from the World Inequality Database (WID) and the Internal Revenue Service (IRS). Higher
values correspond to greater residual progressivity. Grouped PPML and the Entropy Ratio are reported
for every income range. Shaded areas are 95 percent confidence intervals. Grouped PPML intervals use
percentile-bin robust sandwich standard errors. Entropy Ratio intervals stack the pre-tax and after-tax log-
variance equations, estimate their percentile-bin sandwich covariance, and apply the delta method to their
ratio. The WID full-distribution estimates exclude the bottom 20 percent and are computed over p20-p100;
the IRS full-distribution estimates use the full observed IRS distribution. For WID, bottom progressivity
is estimated over p20-p90. For IRS, bottom progressivity is estimated below the observed Lorenz cutpoint
closest to p90 in each year, so this group is approximately, but not always exactly, the bottom 90 percent.
Top-group estimates are computed within the indicated top 10, 5, and 1 percent ranges. WID uses pre-tax
and post-tax national income; IRS uses AGI before and after federal income tax.
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are small and full-distribution progressivity is essentially upper-tail income-tax progres-

sivity. They separate only after 1980. Four phases trace this path.

One exception is informative. In the top 10 percent before 1941, the dispersion-ratio esti-
mates imply negative progressivity. This is not a numerical anomaly but the consequence
of crossing pre-tax and after-tax Lorenz curves within the top group: at some ranks the
after-tax distribution is locally less compressed than the pre-tax distribution. The grouped
PPML and parametric estimates do not reproduce this pattern because they impose a
single-shape representation of the Lorenz curve, and hence a single residual elasticity over
the whole range. The discrepancy is therefore diagnostic. It shows that, especially in the
early income-tax period, a single residual elasticity may be an inadequate summary of pro-
gressivity within the top 10 percent. This motivates the local analysis in the next section,

where progressivity is first estimated rank by rank and only then aggregated.

1913-1941: a nascent income tax. The Revenue Act of 1913 set a top rate of just 7 per-
cent, and upper-tail progressivity was initially limited, consistent with near-proportional
effective taxation despite a nominally progressive schedule. The War Revenue Act of 1917
raised the top rate to 67 percent, and both sources show a clear rise in top progressivity.
The rate cuts of the 1920s (to 25 percent by 1925) produced a moderate erosion, consistent
with Piketty and Saez (2007) on the role of statutory rates and with Splinter (2020), who
notes that heavy sheltering muted the effect of high 1910s rates. The New Deal reversed
course: the Revenue Acts of 1932 and 1935 raised the top rate to 63 and then 79 percent,
and top progressivity rose substantially. Below the top, progressivity is already relatively
high in this period, comparable to its modern level, so the U-shape’s left arm begins from

an elevated level rather than from a trough.

1941-1964: peak progressivity. The Revenue Act of 1942 raised the top rate to 88 per-
cent and extended the income tax to most households; subsequent law held it at 91 per-
cent. This is the peak of effective top progressivity in our sample: both sources show
mid-century upper-tail compression far exceeding the early and post-1980 regimes. Pro-

gressivity below the top is also near its mid-century high, lifted by the same extension of
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the income tax to most households; top and bottom are elevated together, not yet apart.
The pattern matches Piketty and Saez (2003) on the wartime compression of top shares
and Borella et al. (2023), whose calibrated model finds these high-tax regimes materially
affected labor supply and saving.

1964-1980: gradual erosion. The Kennedy—Johnson cut of 1964 lowered the top rate from
91 to 70 percent, producing a moderate decline—smaller than the rate cut implies, again
because effective rates ran well below statutory ones (Splinter, 2020); ? report a top-1%
average federal income-tax rate of just 16 percent in 1962. The 1969 Alternative Minimum
Tax and 1970s bracket creep roughly offset the cut, leaving top progressivity broadly stable

into the late 1970s, even as it fell faster than full-distribution progressivity.

1980-2021: Reagan-era compression and the reversal. The Economic Recovery Tax Act of
1981 and TRAS86 cut the top rate to 50 and then 28 percent while broadening the base; both
sources show top progressivity falling sharply, to its lowest level since the 1920s—the post-
WWII trough that Splinter (2020) dates to 1986 and that Borella et al. (2023) identify as the
pivotal reform. Later reforms (1993, 2001-03, 2012, 2017) generate the partial recoveries
and reversals visible at the top. This is where the two histories part: top progressivity
stays far below its mid-century peak, while below the top the rising arm of the U takes
over through transfers and refundable credits. For the first time in the sample, top and

bottom move in opposite directions.

The top and bottom are therefore unambiguous across estimators; the full distribution is
not. Because it aggregates two movements of opposite sign, its post-1980 trend is not a
fact about the data but a consequence of weighting. Grouped PPML, fitting income-share
moments, registers the top’s decline and reports falling full-distribution progressivity af-
ter 1980; the dispersion-ratio estimator, summarizing compression in log Lorenz slopes,
registers the bottom’s rise and reports growing progressivity over the same period. No
single full-distribution number resolves the disagreement. This maps directly onto the
debate: the upper-tail estimates speak to the Piketty—Saez view of a mid-century rise and

post-1970s decline at the top, while the bottom and post-1980 WID estimates speak to
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the Auten-Splinter emphasis on refundable credits and transfers after 1979. The tension
dissolves once the two are read as claims about different parts of the distribution. The
parametric robustness exercises in Appendix A3 lead to the same conclusion: estimator
choice affects levels and the full-distribution post-1980 trend, but the inverted-U at the
top and the post-1980 rise below the top are robust. The next section makes the weighting

explicit.

4.3 What progressivity did the average taxpayer face?

The estimators above summarize the pre- to after-tax mapping with a single parameter,
so their aggregation weights are implicit and need not agree when progressivity varies
across the distribution. As a complement, we estimate local progressivity percentile by
percentile and average it with equal population weight. Writing ¢.(p) = L’ (p) for the
Lorenz density of income concept z € {y, x}, the local residual elasticity and progressivity

of the rank-preserving schedule are

e(p) = dlog ¢.(p)

p = Togg,(p)’ 7(p) =1 —€(p),

which depend on distributional shape, not income levels. Because ranks are uniform,

equal weighting across percentile cells is population weighting, so we report

_ I
7'2L0,100 = _0.80/0 7(p) dp,

.20

the progressivity faced by the average rank cell above the 20th percentile. We estimate it
from WID one-percentile tabulations, taking local derivatives of log normalized income

by local linear regression over an 11-cell moving window; Appendix A1.6 gives the details.
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Figure 4: Progressivity of the average tax-payer, WID
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Notes: The figure compares grouped PPML, the entropy-ratio estimator, and the equal-weighted local av-
erage of percentile-level progressivity. The local average is computed from WID one-percentile cells over
p20-p100. For each year and percentile midpoint, local derivatives of log normalized income are estimated
by local linear regressions using an 11-cell moving window. The years 1920, 1930, and 1940 are retained in

the underlying data but omitted from the plot. Higher values indicate greater progressivity.

The local average lies above both global estimators, especially after the 1970s. The reason
is weighting: grouped PPML loads on the parts of the distribution holding larger after-tax
income shares, whereas the local average gives each percentile equal weight, so the post-
1980 recovery of WID tax-and-transfer progressivity is more visible in it. The time path
reinforces the paper’s central result—progressivity rises around World War II, falls to the
early 1980s, and rises again—but the post-1980 increase is stronger under equal weights,
exactly as expected if redistribution increasingly operated below the top while upper-tail

progressivity stayed far below its mid-century peak."* The statistic is local, derivative-

“We check the post-1962 trend against matched DINA microdata in Appendix Figure A3.2. The exercise
estimates local quadratic log-log residual elasticities at the individual level and averages them using DINA
weights. The resulting local-average series tracks OLS closely and shows the same post-1980 rise, while
PPML remains flatter.
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based, and noisier than grouped PPML, so it complements rather than replaces it: with
each rank cell weighted equally, U.S. progressivity did not simply rise or fall—it changed

location in the distribution.

5 Conclusion

U.S. progressivity did not simply rise or fall over the twentieth century; it changed shape.
Upper-tail progressivity traces an inverted-U — limited under the early income tax, high
through the mid-century high-rate regime, low again after the 1980s — and the pattern
holds in both WID and IRS, where transfers are small. Below the top it is the mirror image:
WID progressivity rises after the mid-1980s while the IRS series stays flat, which locates
the recovery in transfers and refundable credits rather than in the income tax. The equal-
weighted local average confirms the direction — with each percentile weighted equally,
post-1980 progressivity rises even as top progressivity remains far below its postwar peak.
Progressivity moved down the distribution. This reconciles the two standard accounts, a
mid-century rise and post-1970s fall at the top and a post-1979 increase through credits

and transfers below, as claims about different parts of the distribution.

The method applies wherever long-run grouped tabulations exist, and suggests asking
not only whether progressivity rose or fell but where in the distribution it operated. Be-
cause the estimates identify rank-preserving effective schedules from marginal distribu-
tions, they are best read as effective distributional summaries rather than statutory sched-

ules.
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Online Appendix

Residual Income Progression in the Twentieth and

Twenty-First Centuries

This Online Appendix is organized as follows. Appendix Al collects the proofs and the
additional identification results used in the paper, including the role of rank preserva-
tion, concentration curves, grouped PPML, local average progressivity, and the relation
to global progressivity indexes. Appendix A2 reports the validation and robustness ex-
ercises: concentration-curve versions of the main validation, simulated IRS-coarseness
exercises, PSID validations for single households, and Monte Carlo simulations based on
marginal Lorenz curves. Appendix A3 reports historical trend robustness under alter-
native parametric assumptions. Appendix A4 gives parametric examples of implied tax

functions.

A1l Proofs of the main propositions and additional remarks

on identification and estimation

Al.1 Main proofs

Lemmal

Proof. By Assumption 3, X is invertible. Since strictly increasing functions preserve prob-
abilities, F,[x(y)] = F,(y). By Assumption 2, ), exists, so z(y) = Q.[F,(y)]. The result
follows from T'(y) = y — z(y). [

Proposition 1

Proof. Let X = log X and Y = log Y. Since the quantile function of eZ satisfies Q,z(p) =
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e?z® for any random variable Z, Lemma 1 gives
X(Y) = e QalFy(Y)]

Assumption 4 implies that X and Y lie in the same location-scale family, so there exist

constants a and b > 0 with Qz(p) = a + b Qy(p). Hence
X(Y) — ea—i—blogY = et Yb.

To identify a and b, note that log X (Y') and log Y must share the same standardized score:

108X - :uloga: . IOgY - Mlogy

Ologx Ology

which gives b = 0105/ 0logy aNd @ = fliogz — (Tlogz/Tlogy) Hiogy- [ |

Al1l.2 What the dispersion ratio measures when rank-preservation and

log-location-scale distributions assumptions fail

The benchmark interpretation of our estimator relies on two restrictions: rank preserva-
tion and log-location-scale structure. Under these conditions, the ratio Z'l"—g); identifies the
08

constant residual-income elasticity of the implied power tax schedule. This is the struc-

tural interpretation used in the main text.

If either rank preservation or log-location-scale structure fails, this structural interpreta-
tion is no longer valid. In particular, the ratio need not correspond to a constant residual-
income elasticity, nor to the slope of a single power mapping from pre-tax to after-tax
income. Assumption 3, rank preservation, may be violated when a tax reform induces
income reclassification across tax forms. The most notable example is TRA86, which sub-
stantially reduced incentives to shelter income as corporate retained earnings and caused
a large realization of previously deferred capital gains. ? estimate that roughly one-third
of the apparent increase in the top-1% fiscal income share between 1986 and 1989 reflects

this reclassification rather than real pre-tax income growth.
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Nevertheless, the ratio continues to measure a well-defined distributional object: the rela-
tive dispersion of after-tax log income to pre-tax log income. In this sense, 2= remains an
logY

interpretable measure of distributional compression even outside the benchmark model.

To clarify what is contained in this object, write the conditional expectation function of

after-tax log income given pre-tax log income as
E[log X |logY =1t|.

Then the law of total variance implies

(O’logX>2 _ Var(Eflog X |logV]) E[Var(log X | log Y)] (A1)

Var(logY') Var(log V')

Ulog Y

The first term is the vertical component: variation in expected after-tax log income across
the pre-tax income distribution. The second term is the horizontal component: residual

dispersion in after-tax log income among units with the same pre-tax log income.

The vertical component can be further decomposed when E[log X | logY = t]is absolutely
continuous in t. Suppose, for notational simplicity, that log Y has support [a, b]. Define the

Yitzhaki weight

Cov (logY,1{logY > t})

“ogy (1) = Var(logY')

Then

Cov(log X,logY)

Var(logY') (A2)

b
/ %E[logX | logY = t]wiegy (1) dt =
Thus, the Yitzhaki-weighted average of local residual-income elasticities is the population

OLS slope from regressing log X on log Y.

To describe the remaining part of the vertical component, define the probability measure

Wiegy on [a, b]* by

Cov (1{logY > s},1{logY > t})

Var(logY) ds dt.

dVVlogY(Sa t) =
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This measure has marginal density wi,gy (t). Therefore,

2

Var (E[log X |logY]) /bg B
Var(ogy) |), aitllos X [logY = tuwogy (1) df
0 9
+ CoViy,y (gE[logX | logY = s, EE[logX |logY = t]) '

Combining this identity with (A1) gives

2

2 b
logX ) _ 2I[-ii log X |logY = t] wipey (t) dt
ot g g g

Jlog Y

Ve
weighted effective average progression

+ Covi,, <%E[log){ |logY = ], %E[log){ | logY = t])

CEF no;ﬁinearity
E [Var(log X | logY)]
Var(logY)

horizontal heterogeneity

J/

(A3)

Equation (A3) shows that the squared dispersion ratio contains three components. The
first is the square of the average local residual-income elasticity, with weights determined
by the pre-tax income distribution. This component equals the square of the population
OLS slope from regressing log X on logY. The second captures nonlinearity in the con-
ditional expectation function: local elasticities may reinforce or offset each other across
different parts of the income distribution. The third captures horizontal heterogeneity:

dispersion in after-tax log income among units with the same pre-tax log income.

The power-tax benchmark is the special case in which 2E[log X | logY = ¢] is constant
and there is no horizontal heterogeneity. Then the nonlinearity term is zero, the horizon-
tal component is zero, and the dispersion ratio collapses to the constant residual-income
elasticity:

Olog X

0
oy aE[logX | logY =1].

Outside this benchmark, the same ratio should not be interpreted as a structural constant

elasticity. It should instead be interpreted as a measure of total distributional compres-
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sion, combining average vertical progression, nonlinear progression, and horizontal het-
erogeneity. The ratio itself is identified from the marginal distributions of log X and log Y’;
the decomposition in (A3), however, requires joint information on pre-tax and after-tax in-

come.

A1.3 Effective residual progression from concentration curves

The main text studies the least informative case in which we observe only the marginal
distributions of before- and after-tax income. In that environment, rank preservation is
required to pair before-tax and after-tax quantiles. We now consider the more informa-
tive case in which after-tax income shares are observed over groups ranked by before-tax

income. These data identify concentration curves.

Let Y denote before-tax income and X after-tax income. We allow after-tax income to

depend not only on before-tax income, but also on other tax-relevant characteristics:
X =Y =T,

where ¢ collects deductions, credits, transfers, filing status, household composition, in-
come composition, avoidance, reporting behavior, and other determinants of tax liability
conditional on income. The relevant object is therefore not the realized individual tax

schedule, but the conditional mean schedule
m(y) =E[X | Y =y].
Equivalently, define the effective tax function

T(y)=y—m(y) =E[T(Y,§) | Y =y].

The corresponding effective residual-income elasticity is

Olnm(y) 1- T'(y)

Olny — 1-T(y)/y (B4

ec(y) =
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whenever the derivative exists. Thus ec(y) < 1 means that average after-tax income rises

less than proportionally with before-tax income.
We work under the following assumptions.

Assumption Al (Regular joint distribution). The pair (X,Y") has joint distribution Fx y, with
X >0,Y >0,and E[X| < oco. The marginal distribution Fy is strictly increasing and continuous

on its support. The conditional mean m(y) = E[X | Y = y] exists, is positive, and is continuous.

Assumption A2 (Monotone conditional mean). The conditional mean m(y) = E[X | Y = y]

is strictly increasing in y.

Assumption A2 replaces rank preservation of realized after-tax income. It allows taxpay-
ers with the same before-tax income to have different after-tax incomes, and it allows re-
alized reranking in the after-tax-income distribution. The restriction is only that average

after-tax income is increasing in before-tax income.

Because m(-) is strictly increasing, the random variable E[X | Y] preserves the rank of Y.

Hence

Qe (Fy (Y)) = E[X | Y],
where Qg[x|y] denotes the quantile function of the random variable E[X | Y].

Lemma 2 (Effective Tax Function). Under Assumptions A1-A2,
T(Y)=Y - Quxv[Fy (V)]

where Qg|x|y| denotes the quantile function of the random variable E[X | Y].

Lemma 2 states that, when average after-tax income is increasing in before-tax income,
the effective after-tax schedule is recovered by assigning each taxpayer their before-tax
rank and retrieving conditional-mean after-tax income at the same rank. We call T'(Y)
the effective tax function of the joint distribution Fxy. This is the concentration-curve
analogue of Lemma 1. The difference is that the marginal case uses the quantile function

of realized after-tax income, () x, whereas the concentration-curve case uses the quantile
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function of E[X | Y].

We now ask when this effective schedule takes the power form used in the modern pro-
gressivity literature. Under Assumption A2, the conditional mean schedule maps each
pre-tax rank into the same rank of conditional-mean after-tax income. If, in addition,
before-tax income and conditional-mean after-tax income differ only by location and scale

in logs, this quantile map is log-affine, and the effective schedule is a power function.

Assumption A3 (Log-Location-Scale Conditional Mean). Pretax income Y and conditional-
mean after-tax income E[X | Y] belong to the same log-location-scale family: there exist constants

a € Rand b > 0 such that

QlogE[X\Y] (p) =a-+ leogY(p> fOT’ [lep € (07 1)7

where Qg1 x|y) denotes the quantile function of the random variable log E[X | V).
Under Assumption A3, the effective tax function in Lemma 2 takes the following form:

Proposition A1 (Log-Location-Scale Identification of Effective Residual Progression). Un-

der Assumptions A1-A3,

TY)=Y —exp (E[logE[X Y]] - Olog E[X|Y]

E[log Y]> Y OlogELxX|Y]/Tlog ¥

OlogY

In particular, the effective tax function takes the power form
E[X | Y] =AY ™™

with

Olog E[X Y] Olog E[X|Y]

Ao = exp (E[logE[X | Y]] — E[logY]> : 1—70c =

OlogY OlogY

Proposition Al is the concentration-curve analogue of Proposition 1. It shows that, un-
der the log-location-scale benchmark, effective residual progression is identified by the

relative dispersion of log conditional-mean after-tax income and log before-tax income.
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A more progressive tax-and-transfer system compresses the conditional-mean after-tax

schedule more strongly relative to the before-tax distribution, yielding a smaller value of

Olog E[X|Y]

Ulog Y

The interpretation of this ratio follows the interpretation of the effective tax function in
Lemma?2. If X = E[X | Y] almost surely, then effective residual progression coincides with
the structural residual-income elasticity of the tax schedule. More generally, the ratio is a
conditional-mean object. It measures how much average after-tax income, evaluated along
the before-tax income distribution, is compressed in logs relative to before-tax income.
Horizontal heterogeneity around E[X | Y| reflects deductions, credits, transfers, filing
status, income composition, avoidance, reporting behavior, and other factors that affect

tax liability conditional on income.

It remains to connect this object to concentration-curve data. Let C'¥(p) denote the con-

centration curve of after-tax income with respect to before-tax income:

XL{Y < Qv(p)}]

Cin) = P

By the law of iterated expectations,

EEX | Y]I{Y < Qv(p)}]

0 == FEx 7]

Since E[X | Y] is strictly increasing in Y/, this is exactly the Lorenz curve of the random
variable E[X | Y]:
CX(p) = Lupxv)(p)-

Therefore, wherever the concentration curve is differentiable,

vy , QE[x|y Qr[x|y
(Cx)'(p) = Lgixy(p) = E[]E[[X ;(5)]] - I[E[lX]fp)'
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Since adding the constant log E[X] does not affect variance,

Var(log BLX | v]) = [ (los(c3)0) - [ log(CXywdu) dp. (a5

Similarly, the before-tax Lorenz curve identifies

2

Var(logV) = /01 <log Ly (p) — /01 log L', (u) du) dp.

Thus the effective residual-progression parameter is identified from the shape of the after-

tax concentration curve and the before-tax Lorenz curve:

Olog E[X|Y
1— 70 = g E[X]| ]‘

(A6)

Ulog Y

The means of before- and after-tax income are required to recover the effective tax function
in levels, but not to recover the effective residual-progression ratio. The ratio depends only
on the relative log dispersion of the conditional-mean after-tax schedule and the before-tax

income distribution.

Al.4 What the concentration-curve ratio measures when log-location-

scale structure fails

The concentration-curve estimator relies on a different object from the marginal-Lorenz
estimator. Instead of comparing the marginal distributions of realized after-tax and pre-
tax income, it compares pre-tax income to average after-tax income conditional on pre-tax

income. The relevant object is therefore
E[X | Y],

evaluated along the distribution of Y.
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Under the log-location-scale benchmark for Y and E[X | Y], the ratio

OlogE[X|Y]

OlogY

identifies the constant elasticity of the effective residual-income schedule
E[X|Y =y] = Ayt .

This is the effective residual-progression interpretation developed in Appendix A1.3.

If log-location-scale structure fails, this constant-elasticity interpretation is no longer exact.
In particular, the ratio need not equal the slope of a single power mapping from pre-tax
income to average after-tax income. It nevertheless remains a well-defined object: the
relative dispersion of log E[X | Y] to logY. Thus it measures how much the conditional

mean after-tax schedule compresses the pre-tax income distribution in logs.

This object differs from the marginal-Lorenz ratio studied in Appendix A1.2. The marginal
ratio 010 x /0105y cOntains both vertical variation in expected after-tax log income and hor-
izontal dispersion in realized after-tax log income among units with the same pre-tax in-
come. By contrast, the concentration-curve ratio is based on E[X | Y]. Since this object is
already averaged within each pre-tax income level, horizontal variation in realized after-

tax income is averaged out before the dispersion ratio is formed.

The ratio can be written as

TlogELX Y] ~ Var(logE[X | Y])
~ Var(logY)

UlogY

There is no law-of-total-variance residual term because logE[X | Y] is a deterministic

function of Y.

Suppose thatlog Y has support [a, b], and thatlog E[X | logY = t]is absolutely continuous
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in t. Define the Yitzhaki weight

() = Cov (logY,1{logY > t})
“logt) = Var(logY) '

Then
~ Cov(logE[X | Y] logY)

b
0
/a 5 logE[X |logY = t]wieey (t) dt = Var(log V) . (A7)

Thus, the Yitzhaki-weighted average of local effective residual-income elasticities is the

population OLS slope from regressing log E[X | Y] onlogY'.

To describe the remaining part of the concentration-curve ratio, define the probability

measure Wiogy on [a, b]* by

Cov (1{logY > s}, 1{logY >t
AWiogy (5, 1) = (1 gVar—(lo};gY{) gV 2t oar

This measure has marginal density wi,gy (t). Therefore,

2

2 b
(M) _ { / 9 10 BLX | log ¥’ = f]wiogy (1) dr

Ulog Y

Vo
weighted effective average progression

+ Coviny,y (% logE[X |logY = s], %logE[X |logY = t]) . (A8)

[ J/

~
effective CEF nonlinearity

Equation (A8) shows that the squared concentration-curve ratio contains two components.
The first is the square of the average local effective residual-income elasticity, with weights
determined by the pre-tax income distribution. This component equals the square of the
population OLS slope from regressing log E[X | Y] onlog Y. The second captures nonlin-
earity in the effective conditional mean schedule: local elasticities may reinforce or offset

each other across different parts of the income distribution.

The key difference from the marginal-Lorenz decomposition is the absence of a horizontal
heterogeneity term. This does not mean that horizontal heterogeneity in realized after-tax

income is absent. Rather, concentration curves identify the conditional mean schedule
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E[X | Y = y], so variation in realized after-tax income around that schedule is not part of
the identified ratio. The ratio is therefore a measure of effective vertical compression, plus

any nonlinearity in the effective conditional mean schedule.

The power effective-tax benchmark is the special case in which

0
alogE[X | logY =t

is constant. Then the nonlinearity term is zero, and the concentration-curve ratio collapses

to the constant effective residual-income elasticity:

%%;:Y] = %logE[X | logy =t].
Outside this benchmark, the same ratio should not be interpreted as a structural constant
elasticity. It should instead be interpreted as effective residual progression: the total log
compression of the conditional-mean after-tax schedule relative to the pre-tax income
distribution. The ratio itself is identified from the after-tax concentration curve and the
before-tax Lorenz curve; the decomposition in (A8), however, requires recovering the lo-

cal effective elasticity

0
alogE[X | logY =1,

and therefore requires enough information to estimate the slope of the conditional mean

schedule along the pre-tax income distribution.

A1.5 Grouped PPML and within-bin reranking

This appendix clarifies the conditions under which the grouped PPML share-mapping
estimator has a structural interpretation when only marginal Lorenz tabulations are ob-

served.

Let U = Fy(Y) denote the pre-tax rank and V' = Fx(X) the after-tax rank. For a reported
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bin B; = (p;_1,p,|, define the after-tax income share of the pre-tax rank cell as

XY _ E[X1{U € B;}]
o E[X]
This is the object that would be observed if after-tax income shares were tabulated by pre-
tax income rank. By contrast, a marginal after-tax Lorenz tabulation reports
E[X1{V € B,}]
E[X]

ALY =

These two objects coincide under rank preservation, but rank preservation is stronger than

necessary. It is enough that reranking does not move units across reported bins:
1{U € B;} =1{V € B;} as. forall .

This condition allows arbitrary reranking within each reported bin. Since the grouped
data identify only total income mass inside each cell, within-bin reranking is irrelevant

for the grouped share-mapping estimator.

To see the role of cross-bin reranking, write the observed marginal after-tax share as
ALY =S e,

where ¢; is the cross-bin rank-assignment error. Since both {AL7}; and {S;qy} ;j areincome-

share vectors, . e; = 0.

The grouped PPML estimator uses the fitted share

ALY\ €
89 (53)

fi(€) =

a ALY\
NAC
Equivalently, it solves the PPML score
: aL
Z [AL] — pj(€)] log A )~ 0, (A9)

J
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with the intercept imposing » _ y1;(¢) = 1.

If the structural grouped share mapping satisfies

S]X|Y = u;(ep) forall j,

then the PPML score evaluated at ¢y is

ALY

> [ALY — pi(eo)] log <Ap ) Zej log (iiy)

J

The sign of this term is not arbitrary. Because AL7 is computed from the after-tax Lorenz

ordering, for every cutoff p,,,

SOALE = Li(pn) < [Xl{U<p’”} =3 s

i<m i<m

Thus, with

Since pre-tax cells are ordered by income, w; is weakly increasing in j. Summation by

parts gives
J-1
Zejwj = Z Ep(Wp, — wpa1) > 0.
J m=1

If w; is strictly increasing across reported cells, this expression is zero only when F,, = 0
at every reported cutoff. Hence generic cross-bin reranking does not average out in the
grouped PPML score. It moves the observed marginal after-tax Lorenz shares away from

the pre-tax-rank-cell shares in a systematic direction.

The preceding discussion applies when only marginal after-tax Lorenz shares are ob-

served. If instead the data provide concentration-curve shares, the rank-assignment prob-
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lem disappears. Let

[X1{U € B;}|

E
ACKY = OX(py) = CX(pis) = =

Then
XY _ oX[Y
AOj —Sj

by construction. Hence the grouped PPML score based on concentration shares is

)
S [ae ] o (32)-0
with no cross-bin rank-assignment error. Realized after-tax ranks may move across re-
ported bins, but this reranking is irrelevant because the concentration tabulation already
cumulates after-tax income over the pre-tax ranking. Thus, ignoring coarseness of the
reported bins, concentration curves identify the correct grouped share-mapping object
directly. No full rank-preservation or within-bin rank-preservation condition is needed to

replace after-tax marginal shares with pre-tax-rank after-tax shares.

The remaining restrictions are therefore not rank-assignment restrictions but interpreta-
tion restrictions. If the pre-tax-rank share mapping satisfies the power form Sf'y = p;(eo),
then grouped PPML recovers ¢, from concentration shares. With heterogeneous taxes
and transfers, this parameter should be interpreted as effective residual progression of
the conditional-mean after-tax schedule, rather than as the elasticity of a deterministic

individual tax schedule.

In conclusion, when only marginal after-tax Lorenz tabulations are observed, grouped
PPML does not require full individual-level rank preservation, but it does require a weaker
and specific condition: no reranking across reported bin cutoffs, or equivalently equality
between after-tax marginal shares and after-tax shares tabulated by pre-tax rank at the
reported cutoffs. Arbitrary reranking within reported cells is harmless, because grouped
shares do not use within-cell ranks. Cross-bin reranking, however, generally changes the

PPML score. By contrast, when concentration-curve shares are observed, the relevant pre-
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tax-rank after-tax shares are observed directly, so this rank-preservation requirement is
unnecessary. In that case, grouped PPML targets the pre-tax-rank share mapping itself;
its interpretation depends on whether that mapping is viewed as a structural tax schedule

or as an effective conditional-mean schedule.

Al.6 Estimating the average local progressivity

We estimate 75 ;o from WID one-percentile tabulations. For income concept z and cell
j, the cell average relative to the overall mean is ¢} = z;/z = AL?/Ap; with Ap; = 0.01,
evaluated at the midpoint p; = (j + 0.5)/100; let s; = log 3. For each year and midpoint
we estimate 0, log ¢.(p;) for pre- and after-tax income by a local linear regression of sj on
pe over an 11-cell moving window (interior cells use five cells on each side; endpoint cells
use the nearest available 11). With estimated slopes lA)g and I;;?, the plug-in estimates are

é(p;) = f);” / ?)jy and 7(p;) =1 — ?);” / ZA);’, and the annual summary statistic is

~L 1 A
720100 = 77 Z 7(ps),

t .
J:p;€[0.20,1), |b;4|210—4

where N, is the number of valid percentile cells in year ¢.

A1.7 Relationship to global progressivity indeces

Our residual elasticity e = 1 — 7 and the Kakwani index K both measure effective progres-
sivity, but they are conceptually distinct. The Kakwani index is defined as K = Cp — Gy,
where C'r is the concentration coefficient of tax liabilities and Gy is the Gini coefficient of
pretax income. Under the power tax function, K = Gy (1 —€)/(1 —t;) where t, is the aver-
age tax rate, so K is a scaled version of 1 — € adjusted for the level of taxation. This means
the Kakwani index and residual progression can move in opposite directions if the aver-
age tax rate changes. Specifically, if 7 falls (progressivity declines) but ¢, also falls (lower
tax level), K may still rise—which is consistent with the simultaneous decline in our top-
income elasticity and the rise in Splinter (2020) Kakwani index: part of the increase in the

Kakwani index reflects a declining tax level (numerator effect) rather than a change in the
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shape of the tax schedule.

A2 Validation Analysis: Additional Exercises

A2.1 Validation robustness

Figure A2.1: PSID and DINA validation using concentration curves

(a) PSID: Full distribution (b) PSID: Bottom 90% (c) PSID: Top 10% (d) PSID: Top 5%
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Notes: This figure repeats the main validation exercise using after-tax concentration curves rather than
marginal after-tax Lorenz curves. After-tax grouped shares are cumulated over groups ranked by before-tax
income. Higher values correspond to greater residual progressivity. OLS and PPML are estimated directly
from microdata; the remaining estimates use grouped income-share tabulations constructed from the same

samples. Each panel uses its own vertical scale.
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Figure A2.2: PSID and DINA validation under simulated IRS coarseness, marginal Lorenz

curves

(a) PSID: Full distribution
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Notes: This figure repeats the main validation exercise after replacing the baseline validation grid with a

synthetic IRS-style grouped tabulation. For each validation year, we construct the percentile cutoffs implied

by the historical IRS tabulation grid and estimate progressivity using only the grouped income shares that

remain available within each population range. After-tax grouped shares are treated as marginal Lorenz

shares. Each panel uses its own vertical scale.
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Figure A2.3: PSID and DINA validation under simulated IRS coarseness, concentration
curves

(a) PSID: Full distribution (b) PSID: Bottom 90% (c) PSID: Top 10% (d) PSID: Top 5%
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Notes: This figure repeats the simulated IRS-coarseness validation using concentration curves. After-tax
grouped shares are cumulated over groups ranked by before-tax income, matching the information structure

of IRS tabulations with before-tax ranking. Each panel uses its own vertical scale.

A2.2 PSID Validation for Singles

Figures A2.4—-A2.7 repeat the validation exercise for single households. The four panels in
each figure report the full distribution, bottom 90 percent, top 10 percent, and top 5 per-
cent. The comparison separates two sources of robustness: the coarseness of the grouped
tabulation, using either the WID-style validation grid or the historical IRS-style grid, and
the information used to form after-tax shares, using either marginal Lorenz curves or
concentration curves. As in the married-sample and DINA validations, concentration
curves tend to track the microdata benchmarks more closely because they preserve before-
tax ranking and therefore remove the reranking ambiguity present in marginal after-tax
Lorenz curves. IRS-style coarsening is the stricter exercise and therefore produces larger

deviations, especially in the upper-tail panels where the PSID sample has less support.
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Figure A2.4: PSID singles validation, WID-style coarseness and marginal Lorenz curves
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Notes: This figure repeats the PSID validation exercise for single households. Panels report the full dis-
tribution, bottom 90 percent, top 10 percent, and top 5 percent. Microdata OLS and PPML estimates are
compared with grouped-data estimates constructed from WID-style synthetic income-share tabulations.
After-tax grouped shares are treated as marginal Lorenz shares. Higher values correspond to greater resid-

ual progressivity. Each panel uses its own vertical scale.
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Figure A2.5: PSID singles validation, WID-style coarseness and concentration curves
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Notes: This figure repeats the PSID singles validation using WID-style synthetic grouped tabulations and
concentration curves. After-tax income shares are cumulated over groups ranked by before-tax income,
preserving the before-tax ranking. Higher values correspond to greater residual progressivity. Each panel

uses its own vertical scale.
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Figure A2.6: PSID singles validation, IRS-style coarseness and marginal Lorenz curves
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Notes: This figure repeats the PSID singles validation after replacing the WID-style validation grid with a
synthetic IRS-style grouped tabulation. After-tax grouped shares are treated as marginal Lorenz shares.

Higher values correspond to greater residual progressivity. Each panel uses its own vertical scale.
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Figure A2.7: PSID singles validation, IRS-style coarseness and concentration curves
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Notes: This figure repeats the PSID singles validation using synthetic IRS-style grouped tabulations and

concentration curves. After-tax income shares are cumulated over groups ranked by before-tax income.

Higher values correspond to greater residual progressivity. Each panel uses its own vertical scale.
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A2.3 Monte Carlo simulations

Figures A2.8 and A2.9 evaluate estimator performance in simulated data. Each replication
draws a paired before-tax and after-tax microdata sample, constructs grouped marginal
Lorenz curves for before-tax and after-tax income separately, and compares the resulting
estimates with the simulation truth. The exercise therefore matches the least-informative
data environment emphasized in the main text: only the two marginal distributions are
used, not concentration curves. Under the power-tax design, the estimand is exactly aligned
with the residual progression parameter. Under the bracket-tax design, the true object is
the average progressivity implied by the nonlinear bracket schedule, so the exercise mea-

sures how the estimators behave when the power-tax approximation is misspecified.
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Figure A2.8: Monte Carlo simulations under a true power tax function
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Notes: The figure reports the distribution of estimation errors, 7 — 7, under a data-generating process in

which after-tax income is generated by a power tax function. Columns distinguish the before-tax income

distribution used in the simulation. Rows distinguish estimators. Grouped estimators use separately sorted

before-tax and after-tax marginal Lorenz curves. The vertical dashed line marks zero error.
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Figure A2.9: Monte Carlo simulations under a bracketed tax function
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Notes: The figure reports the distribution of estimation errors, 7 — 7, when after-tax income is generated by a

nonlinear bracket tax schedule rather than a power tax function. Columns distinguish the before-tax income

distribution used in the simulation. Rows distinguish estimators. Grouped estimators use separately sorted

before-tax and after-tax marginal Lorenz curves. The vertical dashed line marks zero error.
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A3 Robustness checks

A3.1 Historical progressivity trends under parametric assumptions

Figure A3.1: Parametric Robustness for the Historical Progressivity Estimates

World Inequality Database Internal Revenue Service
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Notes: The figure reproduces the historical progressivity analysis using parametric Lorenz-curve estimators
instead of the baseline nonparametric estimators. Columns distinguish the World Inequality Database and
Internal Revenue Service income concepts. Rows report estimates for the full distribution, bottom progres-
sivity, top 10 percent, top 5 percent, and top 1 percent. The full-distribution World Inequality Database
estimates use percentiles 20-100, while bottom progressivity uses the bottom 90 percent of the relevant ob-
served population range. Lines correspond to Pareto, log-normal, and log-uniform specifications. Lower

values indicate lower effective tax progressivity.
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A3.2 DINA Local Log-Log Elasticity

Figure A3.2 uses the matched DINA microdata to estimate progressivity without impos-
ing a single global log-log slope. For each year, we run local quadratic regressions of log
after-tax income on log before-tax income, evaluate the implied residual elasticity at each
individual, and average these elasticities using DINA weights. The resulting local-average
progressivity series is close to the OLS benchmark and rises after 1980. PPML remains
lower and flatter, consistent with the main validation results: because PPML fits levels
rather than logs, it assigns more influence to high-income observations, where post-1980

progressivity falls rather than rises.

Figure A3.2: DINA local log-log progressivity compared with OLS and PPML
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Notes: The figure compares three DINA microdata estimates for the full distribution. OLS estimates a single
weighted regression of log after-tax income on log before-tax income. PPML estimates after-tax income in
levels with a log before-tax-income index. The local log-log series estimates a local quadratic regression of
log after-tax income on log before-tax income, evaluates the derivative at each observation, and averages
those individual elasticities using DINA weights. The figure reports progressivity, 7 = 1 — ¢, so higher

values denote greater residual progressivity.
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A4 Parametric Examples of Implied Tax Functions

This section derives the implied tax function for six distributional families: Pareto, log-
normal, log-uniform, Weibull, normal, shifted exponential, and generalized Pareto. All
derivations proceed by applying Proposition 1 (main text) to the relevant quantile func-

tions.

A4.1 Case 1: Pareto Distribution

The Pareto distribution is the canonical model of the upper tail of the income distribu-
tion, supported by extensive empirical evidence (Blanchet ef al., 2022; Gabaix, 2009; Pareto,
1895). Formally, a random variable Z is Pareto distributed with shape n > 1 and scale
b > 0, written Z ~ Pa(n, b), if its CDF is

P = 1- (1) sz

z
The quantile function is Qz(p) = b (1 — p)~Y/", the mean is uy = bn/(n — 1) (for n > 1), and
Ologz = 1/1.
Proposition A2. IfY ~ Pa(n,,b,) and X ~ Pa(n,, b,), the implied tax function under Assump-

Nz 1/77‘”
TY) =Y — (bz ) Y M/

Ny
by

tions 1-3 (main text) is

a power tax function with residual elasticity € = 1, /n,.

Proof. From Proposition 1 (main text),
—1/Ma by 77y/771 1
X(Y) = Q.[F,(Y)] =b[1 - F,(M)] ™ =b, [ < L

Y 0

Working through:
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SO

b —Ny /M b= 1/Ne
X(Y)=b, L =b, by—ny/nz Y M/ne — z Y /e

Hence T'(Y) = Y — X (Y) takes the stated form. The residual elasticity is the exponent of
Y in X (Y'), which equals 7, /7,. |

Remark 1. The ratio 1, /n, has a natural interpretation: it equals o10g x /0105y = (1/12)/(1/1y),
confirming Corollary 1 (main text) for the Pareto case. Moreover, 1, < n,, (progressivity) means the
after-tax distribution has a heavier tail (smaller shape parameter) relative to its scale, i.e., after-tax

inequality is lower.

A4.2 Case 2: Lognormal Distribution

The lognormal distribution has been a standard model for the income distribution since
Gibrat (1931)’s law of proportionate effect, which yields log-normality as the limiting dis-
tribution of a multiplicative growth process. Z is lognormal, Z ~ LN(u,0?), if log Z ~
N (p,0?). The quantile function is Q;(p) = e**?® ') where ® is the standard normal

CDE.

Proposition A3. If Y ~ LN(u,,07) and X ~ LN(u,,03), the implied tax function is

1) = ¥ = exp(— ) Yo,
Ty
a power tax function with residual elasticity e = o, /0,

Proof. We have
F,(Y) = <1><—1°gy — “y) .

Oy

Then

QIR = exp{ et o0t (BT =1 | —expli + Ztogy ) = e onimm i

Oy y

Hence T'(Y) = Y — X(Y) takes the stated form, and € = 0, /0,. |
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A4.3 Case 3: Log-Uniform Distribution

A random variable Z is log-uniformly distributed if log Z is uniformly distributed on
[, a+ k] for parameters o € Rand k > 0. Its CDFis Fz(z) = (logz—a)/k for z € [e*, e*T],
and its quantile function is Q7 (p) = e***7. Note that Ologz = k/ v/12 (standard deviation of
a uniform on [0, k]). The log-uniform distribution is the basis of the Chotikapanich Lorenz

curve (Chotikapanich, 1993), as shown by Cortés and Gutiérrez Cubillos (2023).

Proposition A4. If Y is log-uniform with parameters (o, k,) and X is log-uniform with param-

eters (o, k. ), the implied tax function is
T(Y) — Y _ eaz*(kZ/ky)ay YkZ/ky’

a power tax function with residual elasticity € = k,/k,.
Proof. F,(Y) = (logY — o)/k,, sO

Qx[Fy(Y)] _ eax+kx (logY —ay)/ky _ eax—(kx/k:y)ay ka/ky

The result follows. |

Remark 2. Since o157 = k/\/12, the ratio € = ky, [k, = Olog x/00gy, confirming Corollary 1

(main text).

A4.4 Case 4: Weibull Distribution

The Weibull distribution has been applied to income data since D’Addario (1974) and has
been revisited more recently in the context of global inequality (Mirzaei et al., 2019). A
random variable Z follows a Weibull distribution with scale A > 0 and shape v > 0, written
Z ~W(),v),ifits CDFis Fz(z) = 1 — e~/ for 2 > 0. The quantile function is Qz(p) =
A [~ In(1—p)]/7. Note thatlog Z = log A+ (1/7) log[— In(1—U)] where U ~ Uniform(0, 1),
so log Z follows a Gumbel (minimum extreme value) location-scale family, confirming that

the Weibull is a log-location-scale distribution with shape parameter related to 1/~.
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Proposition A5. If Y ~ W(\,,v,) and X ~ W(X;, v,), the implied tax function is

Y Yy /e
TY) =Y — X\ ()\—> ,
Y

a power tax function with residual elasticity € = ~,/7,.

Proof. We have F,(Y) =1 — e /)™ 501 — F,(Y) = e~ /2™ Then
Q.[F,(Y)] = Ao [~ In(1 = E,(Y))]™ = A, [(Y /0] 7% = A, (Y /0.

Hence X (Y) = \,()\,)%/% Y/%=  which is a power function with exponent v, /7. [

Remark 3. The condition ~,/~, < 1 (progressivity) requires y, < 7, i.e., the after-tax Weibull
distribution must have a larger shape parameter than the pretax distribution. Since larger ~y corre-
sponds to a more concentrated (less dispersed) Weibull distribution, this is intuitive: a progressive

tax compresses the distribution.

A4.5 Case 5: Normal Distribution

The normal distribution has occasionally been used to model the income distribution

(Lebergott, 1959) and is included here as the canonical example of a location-scale family.

Proposition A6. If Y ~ N (u,,0;) and X ~ N (ju, 02), the implied tax function is
T(Y) = (1-2)Y + (Zp—p),
a linear (flat-rate plus lump-sum) tax schedule.

Proof. This follows directly from Proposition 1 since the normal family is a location-scale

family. Explicitly: F,(Y) = ®((Y — p,)/0y), so

QulFy (V)] = pto + 0 @710 (522 ) | = g + 0, 510 = 20 gy — 22, O

Oy
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Remark 4. The flat tax rate is 1 — 0, /0, which is positive (progressive lump-sum effect) when-
ever o, < . The lump-sum component o, /o, — p,, may be positive or negative depending on
parameters. Notably, the normal-implied tax function is not a power function: the residual elas-
ticity is not constant but instead varies with income as e(Y) = o, /o, - Y /(Y — (04/0y) 1ty + piz),

converging to o, /o, as’Y — oo.

A4.6 Case 6: Shifted Exponential Distribution

The shifted (biparametric) exponential distribution is Z ~ EXP(6,~) with CDF Fy(z) =
1—e~ /% for z > ~, where 6 > 0 is the scale and y > 0 is the location (shift). Its quantile
functionis Q)z(p) = y—601In(1—p). Note that Z—~ ~ Exp(#), and log(Z —~) is not normally

distributed, so the shifted exponential is a location-scale family in Z (not log-Z).

Proposition A7. If Y ~ EXP(0,,v,) and X ~ EXP(0,,,), the implied tax function is
T() = (1-5)7 + (59— %),
a linear tax function with flat-tax rate 1 — 0,,/6, and lump-sum 0,7y, /0, — ..
Proof. F,(Y)=1—e Y=w/% 501~ F,(Y) = e Y=%)/% Then
QulFy (V)] =7 = o In(1 = Fy(Y)) = 7 + g2 (Y = %) = §Y + 7% — g5
Hence T(Y) =Y — X (V) = (1 — 6,/60,)Y + (0.7,/0, — Vz)- |

A4.7 Case 7: Generalized Pareto Distribution

The generalized Pareto distribution (GPD) has been proposed as a more flexible alterna-
tive to the standard Pareto for modeling the upper tail (Charpentier and Flachaire, 2022;
Jenkins, 2017). It nests the standard Pareto as a special case while allowing richer tail be-

havior. Z ~ GPD(u, o, «) has CDF




for 0 > 0 and o > 0. Setting /1« = o reduces to the standard Pareto with scale ; and shape

. The quantile function is Qz(p) = u + o[(1 — p)~Y/* — 1].

Proposition A8. IfY ~ GPD(n,, 0, ) and X ~ GPD(u,, 0, o), the implied tax function is

. ay /oy
(1 . Y_M> _ 1] |
Oy

Proof. 1 —F,(Y)=(1+ (Y — py)/o,) . Then

TY) =Y — pp — o,

Q:E[Fy<y)] = Uy + Oy [(1 - Fy(Y»_l/ax - 1}

oy /ag
:Mx—i-ax[(l—i—yg_:‘y)y _1]
|

Remark 5. The GPD-implied tax function is not a power function in general, since the exponent
on (14 (Y — uy,)/o,) does not simplify to an exponent on 'Y alone unless ji, = 0. However, the
asymptotic residual elasticity satisfies
. V) - M
e =5
which recovers the Pareto ratio. This reflects the GPD’s asymptotic power-law behavior: for very
high incomes, the GPD converges to the Pareto distribution, and the implied tax function converges
to a power function. In finite samples, the GPD provides a more flexible approximation to the true

distribution and hence potentially a more accurate estimate of the (non-constant) residual elasticity

for moderately high incomes.

Remark 6 (Setting ;o = o). When p,, = o, and p, = o,, the GPD reduces to the standard Pareto,

and the implied tax function reduces to

TY)=Y —o0, [(Z)%/% —1+1

oo 1/ag
_Uz:Y_( zy) Yay/ocz’

Oy

which matches Proposition A2 with b, = o, and n, = a..
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